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Abstract 

The functor Max of Mulvey assigns to each unital C*-algebra 21 
the unital involutive quantale Max 21 of closed linear subspaces of 21, 
and it has been remarked that it classifies unital C*-algebras up to 
*-isomorphism. In this paper we provide a proof of this and of the 
stronger fact that for every isomorphism u : Max 21 — > Max 03 of unital 
involutive quantales there is a *-isomorphism u : 21 — > 03 such that 
Maxu coincides with u when restricted to the left-sided elements of 
Max 21. But we also show that isomorphisms u : Max 21 — ► Max 53 may 
exist for which no isomorphism v : 21 — > 53 is such that Maxu = u. 
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1 Introduction 

This short paper is a followup to jlj , where various quantale jH] based notions 
of spectrum of a C*-algebra were addressed from the point of view of their 
functorial properties. In particular, the functor Max from unital C*-algebras 
to unital involutive quantales, which was originally defined by Mulvey [S] and 
was subsequently studied in jUEJUni (see also the surveys [3112]) was seen to 
have no adjoints, therefore not providing the equivalence of categories that 
would be desired in order to consider Max a rightful "spectrum functor". 
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However, as was also remarked in albeit without an explicit proof (one 
was presented in a talk [Ej), essentially from results of [21 E] it follows that 
Max classifies unital C*-algebras up to ^-isomorphism, in the sense that 
any two unital C*-algebras 21 and 03 for which we have Max 21 = Max 23 
are necessarily *-isomorphic. Furthermore, from [16J it follows that Max is 
faithful [4 , thus leaving open the possibility that an equivalence of categories 
might be obtained between the category of unital C*-algebras and some 
subcategory of the category of unital involutive quantales. 

The aim of this paper is to provide some clarification regarding the above 
statements, and in it we prove the following result that, in particular, implies 
the classification theorem just mentioned: 

Theorem. Let 21 and 03 be unital C*-algebras, and let 

u : Max 21 -> Max 03 

be an isomorphism of unital involutive quantales. Then there is a ^-isomorphism 

w:2I^Q3 

such that u{a) = Maxw(a) for every left-sided element a e Max 21. 

In other words, Max is full on isomorphisms "up to left-sided elements" . 
However, we also show by means of an example that Max is not full on 
isomorphisms once the restriction to left-sided elements is dropped. The 
relevance of this observation follows from the following straightforward fact: 

Proposition. Let C and D be categories, and let F : C — > D be a functor. 
If F is full on isomorphisms then its image Im(F) is a subcategory of D. If 
furthermore F is faithful then F : C — > Im(F) is an equivalence of categories. 

Hence, although Max has interesting properties, as discussed in jj], it still 
does not provide us with an equivalence of categories in any obvious way. In 
particular, our counterexample will show, for a particular C*-algebra 21, that 
Max 21 has automorphisms which do not lie in the image of Max, and thus, 
even though Max classifies unital C*-algebras up to ^-isomorphism, it does 
not classify their automorphism groups. 

For background on quantales and their modules we refer the reader to ^3] , 
whose notation and terminology we shall follow. 
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2 Points of quantales 

Recall that an involutive left module M over a unital involutive quantale 
Q is a left Q-module M equipped with a symmetric sup-lattice 2-form 

if: M x M ^2 

( equivalent ly, an orthogonality relation _L = ker 95 C M x M) satisfying, for 
all a G Q an d x i V £ 

ip(ax,y) = ip{x,a*y) . 

In addition, the annihilator of an element x € M is the (left-sided) element 

ann(x) = y {a <E Q \ ax = 0} , 

and M is principal if it has a generator, by which we mean an element x G M 
such that = M. 

Example 2.1 Let 21 be a unital C*-algebra, and let n : 21 — > B(H) be a 
representation of 21 on the Hilbert space 7i. The sup-lattice P(7i) of norm- 
closed linear subspaces of TC, with the usual orthogonality relation, is an 
involutive module over Max 21, with the action defined, for all a G Max 21 
and P G V(H), by 

aP = {iv(A 1 )(xi) + • • • + 7r(A n )(x n ) \ A4 G a, Xi G P} , 

where (— ) denotes topological closure. This is the module induced by tt. 
Equivalently, we may view this module as a representation as in [51 1^1 ITU1 Pf] . 
i.e., the unital and involutive quantale homomorphism 

tt : Max2l-> Q(V(H)) 

given by tt(o)(P) = aP, where Q(V(H)) is the quantale of endomorphisms 
of V(T~C) with multiplication f&zg — g o f. 

Example 2.2 Let Q be a unital involutive quantale, and let m G Q be a 
left-sided element. Then the sup-lattice 

frn = {x G Q I m < x} 



3 



is an involutive left Q-module with the action and orthogonality relation 
being given by, for all a G Q and x, y G ]m, 

ax = (aSzx) V m , 
x _L y -<=>- y*Szx < m V m* . 

Definition 2.3 By a point of a unital involutive quantale Q will be meant 
(the isomorphism class of) any principal involutive left Q-module M for 
which there is a generator x G M such that ann(a;) is a maximal left-sided 
element of Q. 

This notion of point differs from those of other papers [HI EJ El \H\ but it 
agrees with them insofar as irreducibility is concerned, since our points are 
necessarily irreducible representations ^3 Th. 5.11]. 

From [9 J it follows that the unital involutive quantale Max 21 associated 
to a unital C*-algebra 21 completely classifies the irreducible representations 
of 21 up to unitary equivalence of representations. We shall now summarize 
these results. The first [HI Th. 9.1] tells us that any point of Max 21 is induced 
by an irreducible representation of 21. We state the aspects of this theorem 
which are important for us here, in the form presented in [To] : 

Theorem 2.4 Let 21 be a unital C*-algebra, and let M be a point of Max 21. 
Then, 

1. M is induced by an irreducible representation o/2l; 

2. M is isomorphic as an involutive left MaxQl-module to |ann(x) for any 
generator x of M. 

From another result 9, Cor. 9.4] it follows that also the relation of uni- 
tary equivalence of irreducible representations of a unital C*-algebra 21 is 
determined by Max 21. We present here a different form of that result, along 
with a much shorter proof: 

Theorem 2.5 Let 21 be a unital C*-algebra, and let tti : 21 — * B(Hi) and 
7r 2 : 21 — > B(7Y 2 ) be two irreducible representations of 21 on Hilbert spaces 
Tii and Ti.2 ■ Then 7Ti and n 2 are unitarily equivalent if and only if the left 
Md,x%l-modules V{7i\) andVi^i'i) which they induce are isomorphic. 
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Proof. Let / : V(TCi) — > be an isomorphism of left Max 2l-modules, 

and let x G 7i\. Writing x for the linear span of x, and Ann(x) C 21 for 
the annihilator of x in 21, we clearly have ann(x) = Ann(x). Also, ann(x) = 
ann(/(x)) because 

af{x) = -<=>- f(ax) = •<==>■ ax = 

for all a G Max 21. Finally, /(x) = y for some y G 7^2, and Ann(y) = ann(y), 
and thus Ann(x) = Ann(y). Hence, the two vectors x and y determine 
the same maximal left ideal of 21, which means that the two representations 
7Ti and 7r 2 are determined by the same pure state of 21, being thus equiva- 
lent. The converse, i.e., that equivalent representations determine isomorphic 
modules, is trivial. I 

We can indeed strengthen this result: 

Theorem 2.6 Let 21 be a unital C*-algebra, and let M be a point o/Max2l ; 
where M equals V(T~i) for some Hilbert space 7i (and the orthogonality rela- 
tion is the usual one). Then the left action of Max 21 on M is induced by an 
irreducible representation of 21 on TC. 

Proof. From 12.41 it follows that there is an irreducible representation of 21 
on a Hilbert space K, whose associated involutive left Max2l-module V{K) is 
isomorphic to V{7i). It follows that TC and /C are isometrically isomorphic 
because they have the same Hilbert dimension, which coincides with the 
cardinality of any maximal pairwise orthogonal set of atoms of V(H.), which 
of course is the same as the cardinality of such a set taken from V(JC). 
Hence, the irreducible representation on K, gives rise via the isomorphism 
to an irreducible representation of 21 on 7i, which furthermore induces the 
original left Max2l-module structure of V{7i). I 

3 Main results 

Lemma 3.1 Let 21 and 03 be unital C*- algebras, and let u : Max 21 — > Max 23 
be an isomorphism of unital involutive quantales. Let also p : 21 —>■ B(7i) be 
an irreducible representation of 21 on a Hilbert space 7i. Then there is an 
irreducible representation a : 23 — > B(7i) of 23 on 7i such that p = a o u 
(where p and a are the representations induced by p and a, respectively). 
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Proof. It suffices to remark that u obviously carries points to points because 
it is an isomorphism. In particular, p o u" 1 is a point of Max 05, and thus 
by the previous lemma there is an irreducible representation a : 03 — > B(7i) 
such that a = p o u~ l ; equivalently, such that p = a o u. 1 

Lemma 3.2 Let 21 and 03 be unital C*-algebras, and let u : Max 21 — ► Max 03 
be an isomorphism of unital involutive quantales. Let also p\ : 21 — > B(7ii) 
and p2 : 21 — > B(7i 2 ) irreducible representations of 21, and /e£ cxi : 03 — > 
B(7ii) cr 2 : 03 ^ B(7i 2 ) fre irreducible representations of 03 s«cn £aa£ 
o-jO-u = pj /or z = 1, 2. Then pi and p 2 are unitarily equivalent representations 
of^l if and only if o~i and cr 2 are unitarily equivalent representations o/03. 

Proof. First, pi and p 2 are equivalent if and only if pi and p 2 are equivalent 
representations of Max 21. Similarly, Oi and cr 2 are equivalent if and only if 
bi and <r 2 are equivalent representations of Max 03. Finally, u is an isomor- 
phism and thus it preserves equivalence of representations, i.e., Ui and cr 2 are 
equivalent if and only if pi and p 2 are, since the latter equal bi o u and b 2 o 
respectively. I 

Theorem 3.3 Let 21 and 03 fre unital C*-algebras, and let 

u : Max 21 -> Max 03 

&e an isomorphism of unital involutive quantales. Then there is a unital *- 
isomorphism u : 21 — > 03 snca £nai it coincides with Max w it;nen restricted to 
left-sided elements. 

Proof. Let (pi)iei be a maximal family of pairwise inequivalent irreducible 
representations of 21 on Hilbert spaces Hi, with i £ I. By the previous 
lemmas, there is a maximal family (<7j)j e j of pairwise inequivalent irreducible 
representations of 03 on the same family of Hilbert spaces, such that for each 
i E I one has 

Pi = bi o u . (1) 

Hence, both 21 and 03 are isomorphic to weakly dense C*-subalgebras of the 
product of Von Neumann algebras Yliei BC%) (which concretely consists of 
all the norm bounded /-indexed families of operators). More precisely, there 
is an embedding of unital C*-algebras p : 21 — > Yiiei BC%) that to each 
A G 21 assigns the family (pi(A)) ie i e ILe/BCHi), and another embedding 
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a : 03 — > rii6/B(Wi) that to each A G 21 assigns the family (er^A))^/. Now 
let P be a projection on Hi. Let us say that P is an open projection (with 
respect to pi) if ker P equals the annihilator in V{7ii) of some a G Max 21, in 
the following sense: 

kerP = ann p . (a) = \J {x G V{7ii) \ pi(a)(x) = 0} . 

Similarly, let us call a projection (P)j 6 / of Yliei^^i) open with respect to 
p if for each i & I the projection Pj is open with respect to /9j. It turns out 
that a projection of Hie/ B(7ij) is open with respect to p if and only if it is 
open with respect to a, because for each % G / we have 

ann ft (a) = ann CTi («(a)) . 

On the other hand, a projection is open with respect to p if and only if it is 
an open g-set, in the sense of j2], determined by the weakly dense inclusion of 
p(2l) into rLe/B^'O (that is, the support e(K) of some subset K C p(2l)). 
Since the von Neumann algebra Yliei together with the open g-sets de- 

termined in this way by the weakly dense inclusion of any unital C*-algebra 
in Yliei^i'H-i) completely determine the C*-algebra as a C*-subalgebra of 
n ieJ B(?ii) [21 Th. 5.13], it follows that 21 and 03 are ^-isomorphic. In par- 
ticular, we have p(2l) = cr(03) and thus there is a ^-isomorphism 

u:2l^23 

defined by 

u = {o-ip^y 1 o p . 

Hence, we have p = a o u, and thus also pi = ajoS for each i G /. From here 
it follows that 

pi = Oi o Max« (2) 

for each % G /, and thus we have two isomorphisms of unital involutive 
quantales, 

u, Max it : Max 21 -> Max 03 , 

satisfying similar conditions with respect to the points of Max 21 and Max 03, 
namely equations and ©• This immediately implies that u and Maxw 
coincide on the left-sided elements of Max 21, because this quantale is known 
to be "spatial on the left" ^U] (equivalently, on the right), meaning precisely 
that its left-sided elements are separated by the points. I 
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Hence, Max is full on isomorphisms "up to left-sided elements" . However; 
Theorem 3.4 Max is not full on isomorphisms. 

Proof. Consider the commutative C*-algebra C 2 . This has only two auto- 
morphisms, namely the identity and the map (z,w) t— > (w, z), corresponding 
to the two permutations of the discrete two point spectrum of C 2 . Any auto- 
morphism of Max C 2 is determined by its image on the atoms, which are the 
one dimensional subspaces of C 2 . Consider then the following assignment to 
the atoms ((z,w)) of MaxC 2 : 

((z,w)) i * ((w,z)) if z,w ^ , 
(M)> » ((z,0)>, 
((0,«;)> » ((0,w)}. 

It is straightforward to check that this defines an automorphism of Max C 2 , 
which of course does not follow from any of the automorphisms of C 2 . I 

In view of these results, one may be tempted to think that Max 21 has 
too much information in it and that attention should be focused on left-sided 
elements alone, since isomorphisms behave well with respect to these. A word 
of caution is in order, however, since previous studies of spectra based only on 
left-sided elements (equivalently, right-sided elements) have not been able to 
provide sufficiently powerful classification theorems: from it follows that 
the subquantale L(Max2l) determines 21 provided that we restrict to the 
class of post-liminary C*-algebras; and in it is shown that the quantale 
L (Max 21) equipped with the additional structure of a "quantum frame" is 
determined by the Jordan algebra structure of the self-adjoint elements of 21. 

Another natural way in which one may try to decrease the "size" of Max 21 
is to take a quotient, instead of a subobject as just discussed. Observing that 
the good behavior of isomorphisms with respect to left-sided elements is a 
direct consequence of the spatiality of Max 21 "on the left" , we may be led to 
replacing Max 21 by its "spatial reflection" in the hope that this will yield a 
better behaved functor. However, from [§] it follows that a functor does not 
arise in this way at all, because the spatialization of quantales with respect 
to their points is ill behaved, in particular not being a reflection. 
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